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Dynamic Flexibility Method for Extracting Constrained
Structural Modes from Free Test Data
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A method for extracting constrained modes from free-boundary modal test data is developed as an alternate
approach when the constrained modal survey proves dif� cult. The transformation relationship between the modes
of a free–free structure and those of a corresponding constrained structure is described, and a nonlinearcharacter-
istic equation is derived. Then an eigenvalue shifting technique, which can also improve computational ef� ciency,
is employed to avoid the singularity of the stiffness matrix of free structures. The method utilizes a subset of mea-
surable lower-order free modes plus the effects of neglected higher-order modes on the dynamic � exibility matrix.
However, the analytical or measured higher-order modes of a free structure are unknown or dif� cult to obtain, and
so the contribution of the higher-order modes to the dynamic � exibility matrix is expanded as a power series. The
constrained modes are obtained by solving the nonlinear characteristic equation. It will be seen that this method
is a typical substitute for the procedures based on experimental and theoretical modeling. Numerical simulation
demonstrates that the method can converge quickly and has satisfactory precision.

Nomenclature
A0; NA0; A1; = (n, n) matrices to be determined
NA1; : : :
F = (n, n) dynamic � exibility matrix
Fh = (n, n) dynamic � exibility matrix of higher-order

modes
K = (n, n) symmetric semide� nite positive stiffness

matrix
K ¤ = (n, n) shifted stiffness matrix
NK = (k, k) transformed stiffness matrix

M = (n, n) symmetric positive difnite mass matrix
NM = (k, k) transformed mass matrix

1¸ = eigenvalue shifting value
3h = (h, h) higher-order free–free frequencies
3¤

h = (h, h) shifted higher-order free–free frequencies
3k = (k, k) lower-order free–free frequencies
3¤

k = (k, k) shifted lower-order free–free frequencies
¸hs = sth higher-order free–free frequencies
¸¤

hs = sth higher-order free–free frequencies
after shifted

¸ks = sth lower-order free–free frequencies
Áh = (n, h) higher-order free–free modes
Ák = (n, k) lower-order free–free modes
Ã = (n, k) transformationmatrix
k¢k = 2-norm
j¢j = absolute

Subscripts and Superscripts

b = number of boundary degrees of freedom
c = number of constrained modes and frequencies
h = number of higher-order free–free modes
i = number of internal degrees of freedom
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k = number of lower-order free–free modes
n = number of degrees of freedom for a free system
r = number of rigid-body modes
¤ = shifted quantities

I. Introduction

A PPROACHES for extracting free–free (free-boundary) modes
fromconstrainedtestdatahavebeenstudiedin Refs. 1–4.How-

ever, some dif� culties have been experienced in the constrained
modal test. As stated in Refs. 5 and 6, it is dif� cult to have a
truly � xed-base test because of the coupling between the test ar-
ticle and the � xture. Furthermore, designing and manufacturing a
� xture is laborsome, even prohibitive for some structures. The al-
ternative method, free-boundary modal test techniques that extract
constrained modes from free test data, will be convenient for engi-
neering applications.

Some papers have reported investigations of the free-boundary
modal test method.Blair and Vadlamudi5 presenteda usefulmethod
where the minima of the interface response functions were used to
obtain a shuttle-constrainedspace telescope model for loads analy-
sis. The method is simple to use, but the constrained mode shapes
cannot be deriveddirectly.Admire et al.6 developeda mass-additive
modal test method, which uses free-boundary mass-added modes
along with analytical mass and stiffness matrices. Although the
mass-loaded method converges much more quickly, it requires a
lot of mass-additive test modes for some structures. This imposes
some dif� culties in a modal test. A residual � exibility test method
was also proposed.7 In this approach, the residual effects of ne-
glectedhigher-ordermodes are considered;thus, the number of free
test modes can be greatly reduced.Nevertheless, it is dif� cult to ob-
tain the residual � exibility matrix by a modal test. In addition, it is
also troublesome to compute the residual � exibility matrix because
of the singularity of the stiffness matrix of a free structure.

A new method for extracting constrained modes from free test
data based on dynamic � exibility is developed in this paper. Two
methods for computing the effects of neglected higher-ordermodes
on the dynamic � exibility are discussed: one is a power series ex-
pansion method,8 and the other is a residual dynamic � exibility
method.9 They both use free test modes plus the effectsof neglected
higher-order modes on dynamic � exibility. Only the former is
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a) Constrained structure b) Free structure

Fig. 1 Structural system.

discussed in detail and is applied to a truss structure with closely
spaced frequencies. Numerical example demonstrates that the me-
thod for extracting constrained modes from free test data is appli-
cable. The effectiveness of the model will be determined after the
method is veri� ed under the condition that the error of mode ex-
pansion and measurement is introduced or even veri� ed by the real
modal test data. These issues will be addressed in the future.

II. Problem Formulation
In Fig. 1a, if the constrained structure harmonically vibrates at

the frequency !, it can be viewed as a harmonic force Rb.!/ that
exists at the boundary. When its boundary is emancipated, the con-
strained structure will be equivalent to a free one that is excited by
the boundary force Rb.!/ (Fig. 1b). Then the equation of motion
for the free structure is

µ
Mi i Mib

Mbi Mbb

¶ » RX i

RXb

¼
C

µ
K ii K ib

Kbi Kbb

¶ »
X i

Xb

¼
D

»
0

Rb.!/

¼
(1)

where Rb.!/ D Rbe j!t , X D xe j!t , and t is time. Equation (1) can
be written as
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¶ »
xi

xb

¼
¡ N!

µ
Mii Mib

Mbi Mbb
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»
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Rb
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in which N! D !2 . Equation (2) can be reduced to

.K ¡ N!M/x D R (3)

Whereas the characteristic equation for the free structure as shown
in Fig. 1b is

.K ¡ ¸M/’ D 0 (4)

and thecharacteristicequationfor theconstrainedstructurein Fig.1a
is given by

.K ii ¡ N!Mii /xi D 0 (5)

When it is assumed that the free test eigenpairs are 3k and Ák and
that the higher-order analytical eigenpairs from Eq. (4) are 3h and
Áh the displacement response x in Eq. (3) can be represented as a
linear combination of lower-order test modes Ák and higher-order
analytical modes of the free structure,

x D Ák qk C Áhqh D Áq (6)

in which

Á D [Ák; Áh ]; q D
»

qk

qh

¼
(7)

Substituting Eq. (6) into Eq. (3) yields
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0 3h
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where 3k D ÁT
k K Ák , Ik D ÁT

k MÁk , 3h D ÁT
h K Áh , and Ih D ÁT

h MÁh .
From the second row of Eq. (8),we have

3hqh ¡ N! Ihqh D ÁT
h R (9)

Hence,

qh D .3h ¡ N! Ih/¡1ÁT
h R (10)

Embedding Eq. (10) into Eq. (6) gives

x D Ák qk C Fh. N!/R (11)

where

Fh. N!/ D Áh.3h ¡ N! Ih/¡1ÁT
h (12)

is known as residual dynamic � exibility. Equation (11) can be par-
titioned as

»
xi

xb

¼
D

µ
Áki

Ákb

¶
qk C

µ
Fh;ii Fh;ib

Fh;bi Fh;bb

¶ µ
0

Rb

¶
(13)

that is,

xi D Áki qk C Fh;i b Rb (14a)

xb D Ákbqk C Fh;bb Rb (14b)

For the constrained structure in Fig. 1a, we have the following
equation:

xb D 0 (15)

Inserting Eq. (14b) into Eq. (15) yields

Rb D ¡F¡1
h;bbÁkbqk (16)

Equation (11) can be rewritten as

x D Ák qk C [Fh;i Fh;b]

»
0

Rb

¼
(17)

in which

Fh;i D
µ

Fh;ii

Fh;bi

¶
; Fh;b D

µ
Fh;ib

Fh;bb

¶
(18)

Substituting Eq. (16) into Eq. (17), we have

x D Ák qk C Fh;b Rb

D Ák qk ¡ Fh;b F ¡1
h;bbÁkbqk

D Ãqk (19)

where

Ã D Ák ¡ Fh;b F¡1
h;bbÁkb (20)

Combining Eq. (19) and Eq. (3) yields

[ NK . N!/ ¡ N! NM . N!/]qk D Ã TR D 0 (21)

where

NK . N!/ D ÃT K Ã; NM. N!/ D ÃT MÃ (22)

It is easy to verify that ÃT R D 0 in Eq. (21).
Equation (21) is a nonlinear characteristic equation because

Fh. N!/ is a nonlinear function of N!. After solving Eq. (21), the
constrained frequencies !c , that is, frequency !, and the partition
factor qk can be obtained. Then the force Rb.!/ can be computed
from Eq. (16). Finally, the constrainedmodes can be obtained from
Eq. (14a) as

xc D
¡
Áki ¡ Fh;i b F ¡1

h;bbÁkb

¢
qk (23)
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III. Computation of Dynamic Flexibility
Equation (12) cannot be used to compute Fh. N!/ directly because

3h andÁh areunknown.Inourwork, theapproximatevalueof Fh. N!/
is considered by using the power series expansion method.8 An
eigenvalue shifting technique is introduced to avoid the singularity
of the stiffness matrix of a free–free structure and to accelerate the
convergencerate of the power series.The dynamic � exibilitymatrix
of a free–free structure is given by

F. N!/ D .K ¡ N!M/¡1 D .K ¤ ¡ N!¤ M/¡1 (24a)

F. N!/ D Á.3¤ ¡ N!¤ I /¡1ÁT D Ák

¡
3¤
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¢¡1
ÁT

k C Fh. N!/

(24b)

where
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h (25)

K ¤ D K ¡ 1¸M; 3¤ D 3 ¡ 1¸I ; 3¤
k D ¸k ¡ 1¸Ik

3¤
h D 3h ¡ 1¸Ih ; N!¤ D N! ¡ 1¸ (26)

where 1¸ is the eigenvalue shifting value. Now Ák is divided into
two subgroups, Á1 and Á2, and their correspondingeigenvalues are
3¤

1 and 3¤
2 , respectively. Here the diagonal elements in 3¤

1 and
3¤

2 are separately less and greater than N!¤. Expanding Fh. N!/ as
A0 C N!¤ A1 C N!¤2 A2 C ¢ ¢ ¢ and inserting it in Eq. (24b) yields
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in which

3¤
1 D 31 ¡ 1¸I1; 3¤

2 D 32 ¡ 1¸ I2 (28)

From the de� nition of Eq. (24a), we have

.K ¤ ¡ N!¤ M /F. N!/ D I (29)

Embedding Eq. (27) into Eq. (29), collecting the terms with the
same power of N!¤ on both sides of Eq. (29), and setting them equal
to one another,8 we can get

K ¤ A0 D I ¡ MÁkÁ
T
k (30)

K ¤ Ap D M Ap ¡ 1; p ¸ 1 (31)

Although the stiffness matrix of a free structure is singular, the
matrix K ¤ is nonsingular:It is a symmetric, sparse, and bandedma-
trix. These properties are very useful for improving computational
ef� ciency. In addition, Eq. (25) can be written as
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Furthermore, Eq. (25) can also be written as
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where ¸¤
hs D ¸hs ¡ 1¸. Actually, the convergencerate of Eq. (32) is

nearly equivalent to that of the following geometric series:

1
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D 1
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where ¸h;k C 1 is the lowest frequencyin ¸h . The convergencerate of
Eq. (33) is nearly equal to that of the following geometric series:

1

¸¤
h;k C 1 ¡ N!¤

D 1

¸¤
h;k C 1

µ
1 C

N!¤

¸¤
h;k C 1

C
³

N!¤

¸¤
h;k C 1

´2

C ¢ ¢ ¢
¶

(35)

If the eigenvalue shifting value 1¸ is appropriately chosen so that
N!¤ is small, the power series of Eq. (35) will convergemore quickly
in comparison with that of Eq. (34).

In short, the eigenvalue shifting technique has two advantages.
First, the coef� cient matrix before Ap .p ¸ 0/ on the left-hand side
of Eqs. (30) and (31) will be the singular stiffness matrix K of
a free–free structure without shifting. To avoid the singularity of
the stiffness matrix K , in Refs. 9 and 10 K is changed to (K C
´MÁr Á

T
r M ), where Ár are rigid-body modes and ´ is a properly

chosen constant.In this case, that coef� cient matrix suffers a lose of
sparsityandbandedness.However, theeigenvalueshiftingtechnique
can save those advantages.Second, this technique can also improve
the convergence rate.

Once A p . p ¸ 0/ is obtained from Eqs. (30) and (31), the residual
dynamic � exibility Fh. N!/ can be given by

Fh. N!/ D A0 C N!¤ A1 C N!¤2 A2 C ¢ ¢ ¢ (36)

Although A0; A1; A2; : : : have no relation to !, that is, A p .p ¸ 0/
only need to be computedonce for all different!, they are closelyre-
lated to 1¸ and are required to be recomputedwhen 1¸ is changed.
Furthermore, the coef� cient matrix K ¤ of Eqs. (30) and (31) should
be redecomposedbecause K ¤ is also related to 1¸. To avoid choos-
ing too many 1¸, group shifting is proposed, that is, the frequency
range (0 · ! · !k ) of the constrained structure is divided into sub-
sections, and one shifting value 1¸ is chosen for each subsection.
However, if a different shifting value 1¸ is chosen for a different N!,
that is, individual shifting, the accuracy of constrained modes and
frequencieswill be much higher than with group shifting;however,
individual shifting is more time consuming than the group shifting.

IV. Applications
As described in the introduction section, the effects of higher-

order modes on the dynamic � exibility can also be obtained by the
method developed in Ref. 9, that is,

Fh. N!/ D
pX

j D 0

N!¤ j .Rh M / j Rh (37)

in which Rh is obtained by solving the following equation:

K ¤ Rh D I ¡ MÁk ÁT
k (38)

where p is the numberof terms chosen accordingto the requiredac-
curacy.ComparisonbetweenEqs. (30) and (38) shows that Rh D A0.

Equation (21) is generallya nonlinearcharacteristicequationand
can be solved by using the scheme described in Refs. 11 and 12.
For a nonlinear characteristicequation, the number of sign changes
of its Sturm sequence may not equal that of contained eignvalues.
Furthermore, the number of contained eigenvalues cannot be de-
termined from the modi� ed Sturm sequence developed in Ref. 13
when the dynamic � exibility method is used to extract constrained
modes.Therefore,thecontainedeigenvaluesmustbe locatedbygen-
eral searching together with Sturm’s theorem. First, the frequency
range from zero to the required maximum constrained frequency
is divided into subsections, then general searching is conducted in
each of the subsections.It is possiblethat one or more eigevaluesare
missed in a subsection. Then the subsection can be subdivided and
researched.In most cases, this approach can locate quickly the con-
tainedeigenvaluesbecause the analyticalfrequenciesof constrained
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structures can be used as a reference frame. In general, the method
is only used to locate contained eigenvalues approximately, and
the located eigenvalues should be further improved. Therefore, the
shifting Rayleigh inverse iteration method13 is employed to obtain
constrained mode shapes and to improve frequencies. To prevent
the iterative process from converging to undesired modes, Gram–

Schmidt orthogonalizationis employed. The � xed-point weighting
technique11 is also introducedto make the iterativeprocessconverge
to desired eigenvalues with a probability as large as possible when
the initial iterativevaluesare far away fromactualeigenvalues.12 De-
noting the initial iterativevaluesof the sth eigenpairsas f N!.0/

s ; Q.0/
s g,

we de� ne the � xed-point weighting procedure as follows:
¥ NK

¡
N!.0/

s

¢
¡ N!.0/

s
NM
¡

N!.0/
s

¢¦©
z.i/

s

ª
D

©
z.i ¡ 1/

s

ª
; i D 1; 2; : : : ; ®

(39)

Finally, we assume fQ.0/
s g D fz.®/

s g. Then, N!.0/
s and fQ.0/

s g are used
as the initial iterative values for shifting Rayleigh inverse iteration.
This iterative process and its convergencemay be found in Ref. 13.

If a linear characteristicequation is desired, only the term that has
no relation to the frequency ! on the right-hand side of Eq. (36),
that is, A0 is retained. Then one has

Fh. N!/ ¼ A0 (40)

This approximation is equivalent to the result of Eq. (32) when
N! ¿ ¸h;k C 1,

Fh. N!/ ¼ Áh3¡1
h ÁT

h (41)

This approximation results in poor accuracy of the derived con-
strained modes; however, it is very convenient for computation. If
better accuracy is required, higher power terms of N!¤ on the right-
hand side of Eq. (36), for example,up to N!¤2 or N!¤3, have to be taken
in the computations.Then Eq. (21) remains a nonlinearcharacteris-
tic equation. It is fortunate that the dimension of the eigenequation,
as shown in Eq. (21), is small, and solving the equation is not time
consuming.

As shown in Eqs. (17) and (36), only the matrices NA p; p D 1;
2; : : : ; formed by the columns of NAp ; p D 1; 2; : : : ; that are associ-
ated with the boundary degree of freedom are required in Eqs. (30)
and (31) for determining the coef� cient matricesof the power series
expansion of Fh. N!/. Then we have

Fh;b D NA0 C N!¤ NA0 C N!¤2 NA0 C ¢ ¢ ¢ (42)

Thus, the computationaltime can be cut down dramaticallybecause
the number of boundary degree of freedom is often small.

There may be a big differencebetween the free test modes Ák and
the analyticalones of a free structure. This suggests that the error of
the stiffnessmatrix K should be largewhen the accuracyof the mass
matrix is assumed to be good. Then the matrix K has to be updated
so that the modes of the updated K and M conform with Ák . This
will ensure the accuracy of the derivedconstrainedmodes. Would it
be possible simply to update the model and use it to predict the con-
strained modes and frequencies?This is not a good method for that
purposebecausethe modelupdatingtechniquesat presentcannotre-
alize the connectivityof the � nite element model perfectly.Though
the modes of the updated K and M of free structures conform with
Ák , the satis� ed constrained modes and frequencies would not be
derived de� nitely from the submatrix K ii and Mi i of K and M .

V. Numerical Example
The structure, as shown in Fig. 2, is a seven-bay space truss.

Each bay of the truss is a cube with the side dimension of 0.3 m.
The truss contains 96 bar members, which are made of aluminum
tubes with a diameter of 86 £ 1 mm. Young’s modulus of elastic-
ity and the mass density of the bar members are 72.7 GN/m2 and
3100 kg/m3, respectively.Each of nodes is added with a centralized
mass of 0.6 kg. The number of degrees of freedom is 96 when it is
a free structure. The constrainedmodes are derived by the dynamic
� exibility method when the truss is clamped at nodes 1, 2, 3, and 4,
in which the number of boundary degrees of freedom is 12. The
analyticaleigenpairsof the constrainedstructureare assumed as the
exact values of the constrained modes and frequencies, that is, !ct

Fig. 2 Space truss structure.

and xct , whereas the analytical lower-order modes and frequencies
of the free structure are taken as test cases. The cases of solving the
linear and nonlinearcharacteristicequationare discussed.The error
indices are de� ned as

!c% D
!c ¡ !ct

!ct
%; kxck% D

r
kxc xct k
kxct k

%

MAC D

­­x T
ct xc

­­
kxct k £ kxck

(43)

where MAC is Modal Assurance Criteria.

A. Solving a Linear Characteristic Equation
In this case, Fh. N!/ ¼ A0 . Figure 3 shows that the errors of the de-

rivedconstrainedmodesvary with differentshiftingvalues1¸ when
all six rigid-body modes and the � rst three lower-order free–free
� exible modes are used in analysis. The symbols in Fig. 3 indicate
the error curve of the � rst to ninth modes. It can be seen from Fig. 3
that the accuracy of the derived constrained modes varies closely
with 1¸. When 1¸ is close to a certain constrained frequency, the
error of the corresponding derived modes and frequencies is low.
From this observation, the errors of each constrainedmode and fre-
quency will be lower if 1¸ is properly chosen and the individual
shifting technique is used. For group shifting, it is recommended
that 1¸ be close to the lowest frequency of the group so that the
errors of the lower-order modes are small.

B. Solving a Nonlinear Characteristic Equation
Two shifting techniques are discussed for the case Fh. N!/ D

A0 C N!¤ A1 C N!¤2 A2 C ¢ ¢ ¢.

1. Group Shifting
The shiftingvalue is chosenas 0:4 £ 105 (rad/s)2 when computing

the � rst to third modes. For all other modes, 1:0 £ 105 (rad/s)2 is
chosen. The constrained modes that are obtained using six rigid-
body modes and three or � ve free test � exible modes are listed in
Table 1 when the power series is truncated at the term with N!¤2

or N!¤3 . The 8th and 13th columns of Table 1 show the number of
iterations for solving the nonlinear characteristic equation. Some
conclusions can be drawn from Table 1.

1) It is shown that kxck% is a more sensitive index than MAC.
2) Generally, the errors of the constrained frequencies are lower

than those of the constrained mode shapes. The errors of the con-
strained modes determine whether the constrained frequencies and
mode shapes can be used in the following analysis such as model
improvement, loads analysis, etc.

3) The number of iterations for solving the nonlinearcharacteris-
tic equation is often 2–4. When the shiftingvalue 1¸ is appropriate,
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Table 1 Results obtained by the group sifting technique, six rigid-body modes and three (� ve) free test � exible modes

Fh . N!/ D A0 C N!¤ A1 C N!¤2 A2 Fh . N!/ D A0 C N!¤ A1 C N!¤2 A2 C N!¤3 A3Free Constrained
Mode frequency, frequency, Number of Number of
no. Hz Hz !c , Hz !c; % kxck; % MAC iterations !c , Hz !c ; % kxck; % MAC iteration

1 0 11.4162 11.4162 0.0 0.20 1.00 3 11.4162 0.0 0.05 1.00 3
(11.4162) (0.0) (0.20) (1.00) (3) (11.4162) (0.0) (0.05) (1.00) (3)

2 0 11.5918 11.5918 0.0 0.23 1.00 2 11.5918 0.0 0.07 1.00 2
(11.5918) (0.0) (0.05) (1.00) (2) (11.5918) (0.0) (0.01) (1.00) (2)

3 0 31.3209 31.3209 0.0 0.0 1.00 2 31.3209 0.0 0.0 1.00 2
(31.3209) (0.0) (0.0) (1.00) (2) (31.3209) (0.0) (0.0) (1.00) (2)

4 0 51.8845 51.8845 0.0 0.02 1.00 2 51.8845 0.0 0.0 1.00 2
(51.8845) (0.0) (0.01) (1.00) (2) (51.8845) (0.0) (0.0) (1.00) (2)

5 0 54.7788 54.7788 0.0 0.12 1.00 3 54.7788 0.0 0.02 1.00 3
(54.7788) (0.0) (0.12) (1.00) (3) (54.7788) (0.0) (0.02) (1.00) (3)

6 0 79.7031 79.7038 0.0 4.60 1.00 3 79.7032 0.0 2.58 1.00 2
(79.7031) (0.0) (3.54) (1.00) (3) (79.7031) (0.0) (1.64) (1.00) (3)

7 56.8960 91.3943 91.5229 0.14 20.41 0.9991 4 91.4339 0.04 15.25 0.9997 4
(91.3944) (0.0) (3.36) (1.00) (3) (91.3943) (0.0) (1.77) (1.00) (3)

8 57.2083 109.3067 110.5710 1.16 37.34 0.9902 4 110.0201 0.65 32.45 0.9944 5
(109.3090) (0.0) (6.09) (1.00) (3) (109.3073) (0.0) (4.34) (1.00) (3)

9 58.2405 117.4818 119.2038 1.47 38.77 0.9886 9 118.4818 0.85 33.86 0.9934 8
(117.4819) (0.0) (3.29) (1.00) (3) (117.4818) (0.0) (2.09) (1.00) (3)

10 112.0155 143.8776 (144.0494) (0.12) (24.63) (0.9982) (4) (143.9387) (0.04) (19.13) (0.9993) (4)
11 113.1383 156.8431 (157.5038) (0.42) (32.73) (0.9942) (12) (157.2034) (0.23) (27.95) (0.9969) (13)

Errors of constrained frequencies varies with different shifting values
D ¸

Errors of constrained modes varies with different shifting values D ¸

Fig. 3 Errors of constrained modes.

the number of iterations is smaller, whereas the number becomes
larger when 1¸ is not properly chosen.

4) The errorsof the constrainedmodes will be lower if the number
of the terms retained in the power series or the number of used free
test modes is larger.

5) If the accuracy requirements !c% < 1%; kxck% < 5%, and
MAC > 0:99 are satis� ed, the frequency criterion introduced in
Ref. 14 can be used to decide how many free test modes should
be required. From Ref. 14, one can get

! f · ¯!c;max (44)

where ! f is the largest free frequency taken in the computation
and !c;max is the largest constrained frequency that meets the accu-
racy requirements. A conservative value ¯ D 1:5 is recommended
in Ref. 14. The values of ¯ obtainedby the group shifting technique
are listed in Table 2. It is clear that all ¯ are less than 1.5. Although
the values of ¯ when � ve free test � exible modes are used are larger
than those when three modes are taken in the analysis,more derived
constrained modes are satis� ed with the accuracy requirements in
the former situation. It can be seen from Table 1 that the dynamic
� exibility method will meet the accuracy requirements, but only a
few free test modes are required because the effects of higher-order
modes on the dynamic � exibility are considered.

2. Individual Shifting
In the group shifting technique, it is dif� cult to subdividethe con-

strained frequency range properly. In addition, the error of certain
constrained frequency may be large when the shifting value is far
away from that constrained frequency. To improve the accuracy of
the derivedconstrainedmodes, the individualshifting techniquecan
be used. The constrained modes obtained by the individual shifting
technique are listed in Table 3. The conclusionsare nearly the same
as those of the group shifting technique. However, the accuracy of
the constrainedmodesas shownin Table 3 is much better than that in
Table 1. The � rst 9 constrained modes obtained with three free test
� exible modes and the � rst 11 constrainedmodes obtainedwith � ve
free test � exible modes satisfy the accuracy requirements already
described. When six rigid-body modes and three free test � exible
modes are used for the computation,we have ! f D 58:2405 Hz and
!c;max D 117:4818 Hz, then ¯ D 0:50. When six rigid-body modes
and � ve free test � exible modes are taken in analysis, one gets
! f D 113:1383 Hz and !c;max D 156:8431 Hz, so that ¯ D 0:72. It
is clear that all ¯ obtained by the individual shifting technique are
smaller than those obtained by the group shifting technique with
the same conditions.As a result, fewer free test modes are required
to meet the same accuracy requirements in the individual shifting
technique.
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Table 2 Values of ¯ obtained by group shifting technique

Fh . N!/ D A0 C N!¤ A1 C N!¤2 A2 Fh . N!/ D A0 C N!¤ A1 C N!¤2 A2 C N!¤3 A3

Six rigid-body modes ! f , Hz !c;max , Hz ¯ ! f , Hz !c;max , Hz ¯

CThree free test modes 58.2405 79.7031 0.73 58.2405 79.7031 0.73
CFive free test modes 113.1383 91.3943 1.24 113.1383 117.4818 0.96

Table 3 Results obtained by the individual sifting technique, six rigid-body and three (� ve) free test � exible modes

Fh . N!/ D A0 C N!¤ A1 C N!¤2 A2 Fh . N!/ D A0 C N!¤ A1 C N!¤2 A2 C N!¤3 A3Free Constrained
Mode frequency, frequency, Number of Number of
no. Hz Hz !c , Hz !c ; % kxck; % MAC iterations !c , Hz !c; % kxck; % MAC iterations

1 0 11.4162 11.4162 0.0 0.0 1.00 3 11.4162 0.0 0.0 1.00 3
(11.4162) (0.0) (0.0) (1.00) (3) (11.4162) (0.0) (0.0) (1.00) (3)

2 0 11.5918 11.5918 0.0 0.0 1.00 2 11.5918 0.0 0.0 1.00 2
(11.5918) (0.0) (0.0) (1.00) (2) (11.5918) (0.0) (0.0) (1.00) (2)

3 0 31.3209 31.3209 0.0 0.0 1.00 2 31.3209 0.0 0.0 1.00 2
(31.3209) (0.0) (0.0) (1.00) (2) (31.3209) (0.0) (0.0) (1.00) (2)

4 0 51.8845 51.8845 0.0 0.02 1.00 2 51.8845 0.0 0.0 1.00 2
(51.8845) (0.0) (0.01) (1.00) (2) (51.8845) (0.0) (0.0) (1.00) (2)

5 0 54.7788 54.7788 0.0 0.06 1.00 3 54.7788 0.0 0.01 1.00 3
(54.7788) (0.0) (0.06) (1.00) (3) (54.7788) (0.0) (0.01) (1.00) (3)

6 0 79.7031 79.7031 0.0 0.01 1.00 2 79.7031 0.0 0.01 1.00 2
(79.7031) (0.0) (0.01) (1.00) (2) (79.7031) (0.0) (0.01) (1.00) (2)

7 56.8960 91.3943 91.3943 0.0 2.26 1.00 3 91.3943 0.0 0.85 1.00 3
(91.3943) (0.0) (0.15) (1.00) (3) (91.3943) (0.0) (0.03) (1.00) (3)

8 57.2083 109.3067 109.3067 0.0 4.03 1.00 3 109.3067 0.0 2.36 1.00 3
(109.3067) (0.0) (0.06) (1.00) (3) (109.3067) (0.0) (0.01) (1.00) (3)

9 58.2405 117.4818 117.4818 0.0 3.40 1.00 3 117.4818 0.0 2.16 1.00 3
(117.4818) (0.0) (3.29) (1.00) (3) (117.4818) (0.0) (2.09) (1.00) (3)

10 112.0155 143.8776 (143.8776) (0.0) (1.76) (1.00) (3) (143.8776) (0.0) (0.56) (1.00) 3
11 113.1383 156.8431 (156.8431) (0.0) (3.40) (1.00) (3) (156.8431) (0.0) (1.77) (1.00) (3)

When the linear characteristic equation is solved with six rigid-
body modes and three free test � exible modes, the computational
time is 0.14 s usinga Pentium-Pro180.Although the nonlinearchar-
acteristicequation is solved with the same number of modes and the
power series truncated at the term with N!¤2, the computational time
when using the group shifting or the individual shifting techniques
is 3.86 and 5.33 s, respectively. It is true that the computational
time is the highest for solving the nonlinear characteristic equation
with the individual shifting technique; however, its accuracy is the
best.

VI. Conclusions
A method for extracting constrained modes from free test data

is successfully developed based on experimental and theoretical
modeling. Two methods for taking into consideration the effects
of neglected higher-ordermodes on the dynamic � exibility are dis-
cussed.The applicabilityof the methods is examined.The following
conclusions can be drawn from the dynamic � exibility method.

1) The effects of higher-order modes on the dynamic � exibility
are expanded as a power series to avoid repeatedly computing the
inverse shown in Eq. (24a). The number of power terms can be
chosen according to the accuracy requirements. It is advised that
the power series be taken up, at most, to the term with N!¤3.

2) The numberof free test modes requiredin analysis is very small
becauseof the considerationof the effectsof neglectedhigher-order
modes on the dynamic � exibility. This shows that the number of
extracted usable constrained modes is greater than that of free test
� exible modes used.

3) The eigenvalue shifting technique not only avoids the singu-
larity of the stiffness matrix of a free–free structure but improves
the computationalef� ciency as well.

4) The accuracy of the constrained modes obtained by the indi-
vidual shifting technique is higher than that obtained by the group
shifting scheme, but the former needs more computational time.
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